C H A P T E R I
In trod u ction
In trod u ction
In his thesis (see [3] ), B.Gross defined an elliptic curve A(p), which has complex m ultiplication by K -Q ( \ / -p)i f°r every prim e num ber p. It is defined over the Hilbert class field of K. We give a brief description of this curve in section 3.1 using notation established in section 1 .2 .
Among m any other things, Gross proves th a t A(p) has rank zero when p = 7 mod 8 . In this case the conjectures of Birch and Swinnerton-Dyer predict th at the value of th e L-series of A(p) at s -1, when divided by an appropriate factor (call this quotient 5(p)), m ust be the order of the Tate-Shafarevich group of A(p).
It is known th a t, when finite, the order of this group is a square. So, in particular, the conjectures imply that 5(p) m ust be the square of a nonzero integer. In this paper we give a proof of this last statem ent. In fact, we obtain in section 3.2 an explicit form ula for a square root of S(p), which includes an intriguing choice of sign. (ii)). O ur starting point is a form ula of Hecke (Theorem 1.2.6), which involves values of th e ta series of binary quadratic forms. These values can be factored as values of th e classical Jacobi th eta function $l0 (notation as in W eber's book [12] ). This is our crucial Factorization Lem ma 2.1.1. It was only after m uch of this work was finished th at we found th a t this factorization is actually a consequence of a som ewhat neglected result of Kronecker (see [7, vol. IV, ). We expect this m ore general result to provide some insight as to how to extend our work to quadratic tw ists of A(p).
Roughly speaking, th e factorization exhibits the value at s = 1 as a sum of h2 term s (here k is the class num ber of K ), each a product of two factors out of a set of h. This then equals the square of the sum of the h factors. A precise form ulation is given in section 2.4.
Finally, we use th e Shim ura reciprocity law to get algebraic and Galois prop erties of th e term s in the new formula. This is established in sections 2,2 and 2.3
using th e form ulation in Deuring, Lang, and Stark. ( [2] , [8 ] , and [11] ). These prop erties allow us to show th a t *S(p) is a nonzero rational square. A further argum ent shows th a t a possible denom inator of 4h~l actually divides the num erator, proving it to be an integer. T his is done in section 3.2.
O ur original intention was to calculate S(p) for various p to investigate their nature. We found the above m entioned form ula after trying to simplify the calcu lations involved. The form ula does provide & very effective way of com puting S(p).
We have program m ed it in K ida's language Ubasic, which allows fast arbitrary pre cision calculations for P C 's. It compares very favorably to the m ethod used in [1] based on M anin's form ula (see [9, Th. 9.3] ). M anin's form ula is a consequence of the functional equations satisfied by the L-series, and as such is m ore general than ours since it also covers quadratic twists of A{p). In order to check our calculations we program m ed this m ethod as well.
N o ta tio n , B asic L em m as an d H eck e's F orm ula
We let K -Q ( \/~d ) , d > 3 be an im aginary quadratic field w ith d = 3 mod 4
and we fix an em bedding of K into the com plex num bers. For any num ber field L, Ol will denote its ring of integers and for any ring H, R* will denote its group of units. N ote th at = {±1} and d -disc(A ). By ideals we will always understand integral ideals.
For integers iV > 1 and n we let e/v(n) -e2**#.
For complex num bers itf* and ujj, [iei,u>a] will denote their integral span in C. We will use 7f for th e upper-half plane, C l(K) for th e class group of A', and if A is an ideal, [^4] for its class.
We give now a brief overview of the Hecke character of K related to the elliptic curves A(p). For m ore details we refer th e reader to Gross [3] or to section 3.1 where we sum m arize what we need about these curves.
The n atu ral ring inclusion Z t~+ O k defines an isomorphism
Composing its inverse w ith th e Jacobi sym bol ( j ) defines a quadratic character on Ok , which we will denote by e. Explicitly, we can write any p € O k as
, with n ,m of the same parity, and then
= (^r ) -
We now define a Hecke character 0 by th e following conditions:
where A h -( a ) , e (a ) = + 1 , and /? is a complex num ber such th a t = a . Here h is the class num ber of K.
(ii) If a is an integer prim e to d, then 0 ((a )) = e (o )a . for every tp € C l(K )m . Also, it is easy to see th a t if A G C~l is an ideal prime to
These partial L-series can be analytically continued to the whole s-plane, and satisfy a functional equation. Our main interest is in their value at s -1. The starting point will be the formula due to Hecke given below (Theorem 1.2.6). As opposed to M anin's approach using the functional equations (see [9, and
where a = = N . 
with a -a ia 2 and some 6 = 6, mod 2 a;, t = 1 , 2 .
Let us also note th at for any ideal T and any class C € Cl{K), It? Pi C is nonempty.
For any class C* 6 Cl(K), we let In the next definition we will not indicate the dependence on the character ip, which remains fixed. 
D efin itio n 1.2.4 Given classes C,C* € Cl(K) we take an ideal A € ltd n

F actorization L em m a
In th is section we prove a crucial factorization of the value of the weight one th e ta series in Hecke's form ula, as the product of two values of weight one-half th e ta series and a constant.
We set up the n o tation for the lem m a as follows: Let C\ , C2 € C l(K ). We choose ideals Ai € Tt-u H C~l for t = 1 , 2 such th at th eir norms a, = N A are relatively prime. It is not hard to see th a t this is always possible. We let a -ata2.
By Lem m as 1.2.2 and 1.2.3 we can find odd integers b,b* and b such th at: H e odd one of the classical Jacobi theta functions (in W eber's notation, see [12] ).
L e m m a 2.1.1 (Factorization Lemma)
Here C is a 16th root of unity given explicitly by Now let r -
We will break the sum in two, according to the parity of k and m (recall th a t b is odd so k and m have the sam e parity). We will give the details only in the case in which they are even; the other case is entirely analogous.
It will be convenient to introduce the following notation. For relatively prime integers A/, N we let Mi be an integer (determined mod N) such that MlM = 1 mod N. We will only use M* as an argum ent in various functions of period A', and therefore we will not need to indicate its dependence on N. It is easy now to verify the next lemma.
L em m a 2 .1 .2 For relatively prime integers M, N eN(Min)eM(N*n) = e M jv (n )
for every infe^er n. 
D efin ition o f th e invariants s and t
In this section we assume th a t d = 7 mod 8 and d ^ 0 mod 3. We will define com plex num bers ■s(C) and t(C) for each class C € Cl(K), using values of Dedekind's e ta function and the classical Jacobi th eta function 6l0, respectively. They will be related to the right hand side of the Factorization Lemma (Lemma 2.1.1). We will not make their dependence on the Hecke character tft explicit, since 0 is fixed throughout. Some im portant properties of these numbers are given in the next section. We will spend the rest of this section proving th a t the roots of unity by which 7 and Q % q change (8 th and 24th roots of unity, respectively) are under control. N otice th a t 9 = b m od 16 and also 9 = 0 mod 3 in both cases (i) and (ii).
We are now ready to use the transform ation formulas. Here the square root is the usual branch with non-negative real part, and (^)
is the usual Jacobi symbol, where it is understood th at (2) = + 1 . and aeief&O^oCf') = (^)p e l6 (6 )0 lo( f ).
Combining this with properties of \j) we see th at and eie(b)9io(f)/xl>(A) = (~g)£(p)ei6{&)8io(T*)/
Recall th at e is the quadratic character on Ok defined in section 1.2. It satisfies = t{p)p.
As we said above, this is now the crucial point: we m ust prove th a t both signs cancel out. T hat is, we have to prove the identity 
P r o p e r tie s o f s and t
In this section we assum e th a t d is a prime p = 7 mod 8 . Recall th a t in section 1.2
we defined a Hecke character of K which takes values in an extension T fK of degree k. We have fixed one of th e h possible characters; in other words, we have fixed an em bedding of T fK in th e complex num bers. Consider also a fixed embedding of H, the H ilbert class field of A", in C.
We let M -TH, T he above choices fix an em bedding of A f/Q in C . We let M + = M f l R . It is not hard to see th a t T fl H = K (see [1] ). We may therefore identify Cl(K)m with the embeddings of M fH in C , th e trivial character corresponding to our fixed em bedding. We will use the sam e le tte r < p to denote the em bedding corresponding to ip € Cl(K )*. Also, we may identify Gal(MfT) with
CI( K ) via th e A rtin m ap. For a class C € Cl(K) we denote th e corresponding autom orphism by oc-
We now sum m arize all th e properties of th e invariants s and t th at we will need.
P r o p o s itio n 2.3.1 (i) s(C) and t(C) are nonzero for every class C.
(ii) = s f C " 1) and P r o o f : P a rt (i) follows from the fact th at neither rj nor 0io vanish on th e upper-half plane. P a rt (ii) is an easy consequence of the definitions. □ D e f in itio n 2 .
.2 Let Cq denote the principal class. For every class C we define uc = s(C)fs(C0) and V C = t{C)ft(CQ ).
Note th a t by th e above Proposition uc and vc are well defined. P ro o f: Our claims are consequences of the Shim ura reciprocity law. We will not need its full strength and hence we will use its m ore classical formulation. For this we will follow Deuring [2] and Stark [11] . We will also need some facts from Lang's book [8 ] . We first set up some notation that we will use throughout this proof. As in section 2.2, for any ideal A 6 7£ep we write
We define We define a function on the upper-half plane by
It is an easy m a tte r to verify th a t
It follows from [2 , p. 14] and [8 , ch. 12-13] th at g 6 (notation as in [8 ] ), is fixed by upper triangular m atrices, has no poles (or zeros) in the upper-half plane, and has integral coefficients in its q-expansion a t every cusp.
We can now sta rt with the proof. By The first two properties in (ii) are easy. For the th ird , we apply (11, Th. 3] twice, using
and to get Therefore,
C2A 2 = [l2a \ £t U{Ayc* -U(AC)/U(C).
O ur claim now follows from (2.3).
To prove (in) we recall th e classical formulas (see [1 2 and also, after some calculation,
Now notice th at
and so by (2.5), (2.6), and (2.7),
Our claim now follows from (2.3) and (2.4).
P art (iv) is a direct consequence of (iii), (ii) and (i). and (2.10), respectively. (It is not hard to see th at these numbers generate A and, in particular, they are prim e to 2). This completes the proof of the theorem. □
Form ula for th e L-series at a -1
In thiB section we continue to assume th a t d is a prime p = 7 mod 8 . Recall th at k is odd when d is prim e and hence every class is a square in Cl(K), 
C
Then for every C € Cl(K) and
R e m a r k : T h a t L(l;pip) is positive was first proved by Rohrlich in a different way (see [10] 
C H A P T E R III
A p p lica tio n s
T h e cu rve A (p )
T hroughout this section we assum e th at d is a prim e p = 3 m od 4. Following
Gross we consider the elliptic curve A(p) and sta te some of its properties. For details and proofs we refer the reader to Gross' work in [1] , [3] , and [4] .
We let j = j ( ( l + \ / -p)/2) where j(r) is th e classical m odular function. It is easy to check th a t j is real. We let F = Q O ). We have then, th a t F(Q is an extension of degree h with a fixed em bedding in the real num bers, and H = F K is th e H ilbert class field of K.
We define the elliptic curve A{p) over F by the W eierstrass equation We note in passing th a t from the above factorization of p and the fact th a t no o th er prim e ramifies in H jQ, it follows easily th a t th e discrim inant of Ff Q is ph'. 
Form ula for th e square root o f th e p red ic te d order o f th e T ate-S h afarevich group
In this section we assum e th at d is a prim e p = 7 mod 8 . We will pu t our formula for the L-series at s = 1 (Theorem 2.4.2) together w ith the calculation of all the factors involved in the Birch-Swinnerton Dyer conjecture to obtain a form ula for th e square root of the predicted order of the T ate Shafarevich group of A(p) over F. We will be able to show th a t this num ber is in fact an integer. O ur formula gives a specific choice of sign for this square root, which seems very interesting.
For the setting up of the Birch-Swinnerton Dyer conjecture we follow Manin (see [9, sec. 8 Using now th e form ulas in [9] it is not h a rd to verify th at: 
